Abstract. Nonzero neutrino masses are required by the existence of flavour oscillations, with values of the order of at least 50 meV. We consider the gravitational clustering of relic neutrinos within the Milky Way, and used the N -one-body simulation technique to compute their density enhancement factor in the neighbourhood of the Earth with respect to the average cosmic density. Compared to previous similar studies, we pushed the simulation down to smaller neutrino masses, and included an improved treatment of the baryonic and dark matter distributions in the Milky Way. Our results are important for future experiments aiming at detecting the cosmic neutrino background, such as the Princeton Tritium Observatory for Light, Early-universe, Massive-neutrino Yield (PTOLEMY) proposal. We calculate the impact of neutrino clustering in the Milky Way on the expected event rate for a PTOLEMY-like experiment. We find that the effect of clustering remains negligible for the minimal normal hierarchy scenario, while it enhances the event rate by 10 to 20% (resp. a factor 1.7 to 2.5) for the minimal inverted hierarchy scenario (resp. a degenerate scenario with 150 meV masses). Finally we compute the impact on the event rate of a possible fourth sterile neutrino with a mass of 1.3 eV.
Introduction
The standard cosmological paradigm, known as the Hot Big Bang model, has been very successful in explaining the available cosmological data, but it also provides a number of predictions that have not been directly observed yet, such as the presence of a relic sea of neutrinos [1] , almost as abundant as the photons that constitute the Cosmic Microwave Background (CMB). The existence of this cosmic neutrino background (CνB) is indirectly established by data, in particular the most recent analyses of the power spectrum of CMB anisotropies and other cosmological observables [2] , but its direct detection is hindered by the feebleness of the weak interaction and the smallness of relic neutrino energies, diluted by the gravitational expansion since their decoupling time in the early Universe.
The present evidence for flavour neutrino oscillations guarantees that at least two of the three neutrino masses (m 1,2,3 ) are not zero, because the squared-mass differences are ∆m 2 21 7.5 × 10 −5 eV 2 and |∆m 2 32 | 2.5 × 10 −3 eV 2 [3] (see also the more recent global analyses [4, 5] ), where ∆m 2 32 > 0 (< 0) for normal (inverted) ordering of neutrino masses. This in turn means that at least two of the neutrino mass eigenstates that form the CνB are nonrelativistic today, since their mass is bigger than their temperature T 0 ν 1.6 × 10 −4 eV. This represents the only known situation in which neutrinos behave as non-relativistic particles. Hence, besides being an outstanding achievement for experimental physics and a further confirmation of the standard cosmological model, the CνB detection would allow us to study an unexplored kinematical regime [6] .
Since the time of the first proposal by Weinberg [7] , several techniques have been studied to detect the relic neutrinos (see e.g. [8] [9] [10] [11] [12] ), but the task still sounds very challenging. Given the present tiny values of the neutrino energy, the most promising approach is to consider an interaction process with no energy threshold. In particular, the case of neutrino capture (NC) on β-decaying nuclei ( (−) ν e + A → e ± + A ) has been considered in refs. [13] [14] [15] [16] [17] . A neutrino capture by a nucleus A that can spontaneously β-decay stimulates the emission of an electron with an energy above the β-decay endpoint. An experiment based on this process should measure the shape of the energy spectrum of the electrons produced by the β-decaying nucleus with exquisite precision near the endpoint. The CνB interactions in the detector would be responsible for an energy peak at 2m ν above the β-decay endpoint. A detection of relic neutrinos could be achieved if the energy resolution ∆ was smaller than the neutrino mass. This is a very challenging requirement, because one would need at least ∆ 0.7m ν [17] in order to be able to distinguish the events due to neutrino capture from standard β-decay events.
Among the available beta-decaying nuclei, tritium is considered as the best candidate. This isotope has a high neutrino capture cross section, a low Q-value and a long lifetime. Tritium is used as a radioactive source in the KATRIN experiment [18, 19] , whose aim is to determine the absolute neutrino mass by measuring the endpoint region of the β spectrum. KATRIN will start collecting data very soon, but its amount of tritium is far too small for detecting relic neutrinos, with an estimated event rate of O(10 −6 ) per year [20, 21] . On the other hand, a dedicated experiment based on neutrino capture by tritium was proposed recently: the Princeton Tritium Observatory for Light, Early-universe, Massive-neutrino Yield (PTOLEMY) [22] . Its phenomenology and potential for CνB detection was studied in detail in ref. [17] . Unfortunately, the designed energy resolution of PTOLEMY, ∆ 150 meV, is too large for CνB detection if the heaviest neutrino state has the minimal mass guaranteed by flavour oscillations, of the order of m ν 50 meV. However, the experiment could be sensitive to larger masses m ν 150 meV, that are disfavoured but not completely ruled out by the current cosmological limits on the sum of neutrino masses: the upper bound at 95% CL is m ν = m 1 + m 2 + m 3 < 0.34 (0.17) eV including Planck CMB temperature and polarization data only (Planck high-temperature + low-polarization + CMB lensing + Baryon Acoustic Oscillations) [23] . 1 For a PTOLEMY-like experiment, working with 100 g of pure atomic tritium, a number of around 10 events per year from CνB interactions is expected, taking into account the present average number density of relic neutrinos [13, 17, 22] . However, massive neutrinos feel the presence of Dark Matter (DM) halos such as the one of the Milky Way (MW). The potential wells created by DM enhance the neutrino clustering and produce a higher CνB local density. Therefore, a proper calculation of the overdensity of neutrinos in the Earth's galactic region is important to estimate the real number of events that an experiment could observe. Singh & Ma [28] and Ringwald & Wong [29] have already estimated the overdensity of neutrinos in the MW halo, assuming neutrino masses above 150 meV. The aim of this paper is to use the same simulation method, the so-called "N -one-body" technique described in ref. [29] , and to improve the calculation of relic neutrino clustering in the local environment. With respect to [29] , we consider lighter neutrino masses, closer to values allowed by the recent cosmological bounds on the total neutrino mass, in order to obtain more realistic estimates for a PTOLEMY-like experiment. In addition, we also improve the treatment of the matter distribution in the local neighbourhood of the Earth, using the results of recent estimates and N -body simulations of MW-like objects for both the DM and baryons densities. 1 Other cosmological analyses conclude that even the minimal value of mν in the inverted mass hierarchy is disfavoured by some combinations of cosmological data, see e.g. ref. [24] . Anyway, one must remember that all these limits are obtained in the context of the ΛCDM model, and may change significantly if a different cosmological model is considered. The changes range from loosen upper limits for simple extensions of the ΛCDM model (see e.g. refs. [4, 25] ) to a preference for a positive mν when one considers some kind of modified gravity, see e.g. refs. [26, 27] . This paper is organised as follows. We describe the method used to compute the gravitational clustering of massive neutrinos in section 2 and how we parameterize the matter distribution (DM and baryons) in our galaxy in section 3. Our results on the local overdensity of massive relic neutrinos and the consequences for PTOLEMY-like experiments are discussed in section 4. Finally, we report our conclusions in section 5.
Gravitational clustering of massive neutrinos
In our work we adopt the "N -one-body" simulation method described in ref. [29] to calculate the clustering of light neutrinos in the local environment. The N -one-body technique is based on the assumption that the growth of the neutrino overdensity does not influence in a significant way the evolution of the DM halo and the baryon accretion. Therefore, it is possible to calculate independently the clustering of each single neutrino in the evolving DM+baryon distribution and to obtain the total neutrino overdensity as the sum of the contributions of N selected neutrinos. The crucial difference with respect to an N -body simulation is that, instead of evolving N particles at the same time, one evolves N times one single particle. Thus one can increase arbitrarily the number of sample neutrinos without modifying the complexity of the code.
The N -one-body approach is valid as long as we can assume that:
1. the only interaction that matters is gravitational;
2. DM and baryons evolve independently of neutrinos: this follows from the small contribution of neutrinos to the total non-relativistic matter density;
3. neutrinos evolve according to the gravitational effects of DM and baryons, and independently of other neutrinos: this is another consequence of the same fact.
Equations of motion
We can write the Lagrangian for our test neutrino with mass m ν , moving in a gravitational potential well φ(x, τ ), as
where a = 1/(1 + z) is the cosmological scale factor (normalised to 1 today), v =ẋ the peculiar velocity of the particle, x the comoving distance and τ the conformal time. For simplicity we will choose a spherically symmetric gravitational potential φ(x, τ ), so we can rewrite the Lagrangian in comoving polar coordinates {r, θ},
2) from where we get the Hamiltonian
where
are the canonical momenta conjugate to r and θ respectively. We obtain then the Hamilton equations 5) where the gravitational potential φ(r, τ ) is known from the Poisson equation
G is the gravitational constant and we remind the reader that ρ matter is taken to be spherically symmetric. Then we have ∂φ
is the total matter at a distance r and a proper time τ .
Technical details
The result of our simulations is a mapping between sets of initial and final neutrino coordinates in phase space. There are regions in the initial phase space such that today neutrinos are still inside the dark matter halo, and regions such that they escape and leave to infinity. Only the first category of trajectories is relevant for us, since our goal is to evaluate the neutrino density in the halo at present time. However, there is no way to know in advance where the boundaries of the relevant region are in the initial phase space, and we cannot afford to spend most of the computing time on the calculation of irrelevant neutrino trajectories. We address this problem with an iterative approach. We first launch a set of representative particles for a coarse-grained discretization of the full initial phase space. Among these particles, those ending up inside a certain r cut radius are traced back, finer discretized and relaunched. The procedure is repeated until we have a sufficient number of relevant trajectories to estimate the neutrino density profile at r r = 8 kpc with good precision. The raw result of the simulations consists in a set of final neutrino coordinates in phase space. We need to go from this discrete set to a smooth number density profile n(r). This can be done, first, by assigning an appropriate statistical weight to each trajectory, in order to correctly sample the initial phase space, and to properly take into account the initial Fermi-Dirac isotropic distribution of neutrino momenta; and second, by applying a smoothing kernel to the discrete results, in order to estimate the underlying continuous density distribution. For these two steps, we follow the procedure described in [30] and already employed in [29] . In particular, since we assume spherical symmetry for simplicity, we must choose a smoothing kernel that will automatically enforce such a symmetry. Our kernel consists in a Gaussian function of the radial coordinate: in other words, we perform Gaussian smoothing on the surface of spheres of radius r. We refer to Appendix A.3 of [29] for the mathematical expressions.
For each r, this kernel has only one arbitrary parameter: the gaussian width ξ (indicated as h in [29] ). Choosing a too small ξ would lead to a small number of simulated neutrinos per smoothing shell, and the results would be dominated by shot noise and statistical fluctuations, unless a prohibitive number of trajectories is computed. Choosing a too large ξ would erase the details of the radial density profile n(r) that we want to reconstruct. Hence the goal of the game is to resolve a sufficient number of trajectories in order to get results which remain independent of ξ within an extended range of ξ values. As long as the result varies strongly with ξ in the whole range 0 < r < r cut , we know that the results are not yet converged, and that we need to increase the number of samples.
In the following results, we use this method to define our convergence criteria. For each simulated model, the optimal value of ξ is chosen in such a way that the results are stable against small variations of ξ. The dependence of the result on ξ is used to estimate the numerical error coming from discrete sampling, which is reported as error bands in our final plots. Following this method, we find that smaller neutrino masses require a larger number of neutrino trajectories to achieve the same precision. This was expected, since lighter neutrinos have larger velocities and escape more easily from the DM halo. Hence they require a finer discretization of the initial phase space. For the smallest mass considered here, our numerical error is limited by large needs in terms of computing time. However, even in that case, the total errors are dominated by the uncertainty on the shape of the DM distribution in the MW, rather than by discretization issues and shot noise.
Matter distribution in our galaxy
The results of our N -one-body simulations depend on the total matter distribution in our galaxy, regardless of its different components. However, in order to show the relative impact of DM and baryons on the clustering of relic massive neutrinos, we will run simulations with only one component at a time, in addition to full simulations including the whole matter distribution. This will also help us to understand the impact of various approximations and the uncertainty coming from each distribution.
For simplicity, our simulations do not feature a feedback of baryons on the evolution of DM and vice versa. In the real universe, these feedbacks are important (see e.g. [31, 32] ), but we will see later how we cope with this approximation. Note also that the DM and baryon profiles implemented here are estimated from actual observation of the current matter distribution in the MW, which is the result of a self-consistent evolution including feedback effects: hence, we do take feedback effects into account in some indirect way.
Dark Matter distribution
For the DM density profile in the MW, we follow [33] and use two different assumptions: a) A generalised Navarro-Frenk-White (NFW) profile, with a logarithmic slope varying from γ below a scale radius r s to −3 in the outer region. We do not fix γ = 1 like in the original NFW proposal, but leave it as a free parameter. Therefore, the NFW profile gets the form
where N NFW is a normalisation parameter related to the halo mass. Note that there is a unique relation between this parameter and the DM density at the core radius: Table 1 . Values of the parameters for the best-fit and optimistic profiles fitted to data and shown in figure 1.
b) An Einasto profile with the parameterisation
The normalisation parameter is now related to the DM density at the core radius by
and α is a free parameter in the model.
We now fit Milky Way data with our two DM distribution models, described by three parameters (N , r s , η), where (N , η) can be either (N NFW , γ) in the NFW model or (N Ein , α) in the Einasto model.
The experimental data are taken from the non-parametric reconstruction of the DM density in the MW performed in [34] . In particular, we use the data presented in their figure 2, taking the central value of their so-called baryonic bracketing as the experimental values for ρ DM (r), and the extreme values as the edge of the 1σ errors. Since uncertainties coming from the determination of the galactocentric radius r are included in those on ρ DM (r), we identify r with the central radius of each bin. Note that [34] converted angular circular velocities ω DM to a DM density profile under the assumption of spherical symmetry: this matches perfectly with our own simplifying assumptions. Following the same reference, we assume that the solar radial distance to the galactic centre and the local circular velocity are respectively given by r = 8 kpc and v = 230 km/s.
In order to have an idea of the spread of DM profile parameters in reasonable agreement with the data, we generated a large amount of possible spectra with a Markov Chain Monte Carlo method. We used the Metropolis-Hastings to accept or reject models on the basis of their χ 2 statistics. In each of the two cases (eqs. (3.1) and (3.3)), this approach provides the best-fit model (black lines in figure 1 ) and the 1, 2 and 3 σ confidence intervals (gray bands). We also define in each case what we call the optimistic model (dashed red lines), obtained by picking parameters that nearly saturates the upper 2 σ bounds. We will use these optimistic profiles to obtain an upper limit on the clustering of relic neutrinos at the Sun/Earth radius (shown in green on the figure). Table 1 summarises the values of the parameters that describe the best-fit and optimistic NFW and Einasto profiles of figure 1, and gives in addition the corresponding virial mass and the parameter β (defined and computed below), the density at the Sun/Earth radius, and the χ 2 of the fit to the data points.
In order to compute the effect of the gravitational potential φ on cosmological neutrinos through eqs. (2.5) and (2.7) today, we need the DM distribution not only at present time, but also in the past. We assume that the η parameter is fixed, while N (z) and r s (z) are functions of the redshift, with values at z = 0 given by table 1. We compute the scaling of N (z) and r s (z) with redshift using two constraints (one coming from analytical modelling and one from N-body simulations) on the virial quantities ∆ vir (z) and c vir (M vir , z) defined below. In any spherical halo, the virialized matter forms a sphere with fixed mass M vir , varying virial radius r vir (z), and varying overdensity with respect to the critical density ∆ vir (z):
A second obvious relation fulfilled by M vir and r 3 vir is
The function ∆ vir (z) can be inferred from analytic calculations, by following the collapse of a spherical top-hat perturbation [35] , but it is commonly approximated using a fixed value ∆ ∼ 200. For each of the two parameterisations (NFW and Einasto) we follow the criteria of ref. [36] :
for Einasto,
and Ω m (z) is the fractional matter density at redshift z. For each of the four cases studied here (NFW/Einasto with best-fit/optimistic parameters), we know the density profile ρ DM (r, 0) today, and ∆ vir (0) is given by (3.7). Then the two equations (3.5, 3.6) evaluated at z = 0 provide two relations between two unknowns M vir and r vir (0), that we find numerically. We now need to relate the virial radius r vir (z) to the scale radius r s (z) of the NFW or Einasto profile. The ratio between these two radii is called the concentration parameter:
We use the average concentration parameter across several halos that has been measured in N-body simulations in [36] , which provides two functions a(z) and b(z) such that log 10 c average vir
Since this result denotes a statistical trend, we will assume that in each halo c vir (
, where β is a redshift-independent number of order one, that might be different in each galaxy. Knowing M vir , c average vir (M vir , 0), r vir (0) and r s (0), we can easily compute β in the Milky Way for each of our four models. The β values reported in table 1 are kept fixed in the rest of the calculation. At this point, the only remaining unknowns are r vir (z), r s (z) and N (z) for z > 0, but given that ∆ vir (z) and c vir (M vir , z) are known from equations (3.7, 3.10), the three relations (3.5), (3.6) and (3.9) are sufficient for finding them with a numerical algorithm. Note that this algorithm also depends on the cosmological model through the scaling of the critical density with redshift, involved in equation (3.5) . During the matter or Λ domination, the scaling is given by
where (H 0 , Ω m,0 , Ω Λ,0 ) are the present values of the Hubble parameter, the matter density fraction and the cosmological constant density fraction. We assume that these parameters take the Planck best-fit values (H 0 , Ω m,0 , Ω Λ,0 ) = (67.27 km/s/Mpc, 0.3156, 0.6844) [2] .
Baryonic distribution
The baryon distribution in our galaxy is very uncertain. For the DM distribution, we followed ref. [33] and discussed only two plausible models. For the baryon distribution, the same reference proposes a total of 70 different models, each of them coming from a different choice of 7 models for the bulge, 5 for the disc and 2 for the gas of the Milky Way. 2 Performing None-body simulations for each of these cases would require a prohibitively large computation time, and would not bring much to the final results, since the gravitational potential mainly depends on DM. Actually, in our analysis, the relative uncertainties on the DM distribution correspond to a greater error than the relative uncertainties in the baryon component. We choose to fix the baryon distribution according to the observation-driven model of ref. [37] . This work fitted simplified axisymmetric distributions to the data for six distinct components: cold and warm dust, molecular and atomic hydrogen, stellar disc and stellar bulge. The latter two distributions are inferred from the star emissivity, which is converted into matter density assuming a global conversion factor determined from a total stellar mass of 6.43 × 10 10 M [38] in the Milky Way.
We will further assume that the baryonic profile is spherically symmetric in order to limit the computational time of our simulations. This approximation should be harmless for our purposes, since the total effect of baryons on the gravitational potential is smaller than that of the DM, except for a central region of radius ∼ 5 kpc [34] dominated by the bulge rather than the disc. In order to symmetrize the baryon profile, we simply compute the mass M b (r) contained in each sphere of radius r, according to the true axisymmetric distribution. We then take the derivative of this function to obtain the symmetrized baryon density profile. Our assumptions for the baryonic profile are depicted in figure 2 , where we show the total baryonic density, both in its spherically symmetrized approximation (solid blue) and on the galactic plane with the original axisymmetric profile (dashed-dotted blue, not used in the calculations). One can see that the two curves are closer at smaller radii, since the thickness of the disc is comparable with the distance from the galactic centre. In order to show that the main contribution to the baryon density comes from the stars, we include different lines for the contribution of stars (dotted black) and the sum of all the other components (dashed black), for the spherically symmetrized profile. The best-fit NFW DM profile is also shown for comparison.
We model the redshift dependence of the baryon profile through a simple redshiftdependent global normalisation factor N b (z). For higher precision, one should also introduce a redshift-dependent tilting of the profile, but the impact on our final results would be negligible compared to the uncertainty on the DM profile. We obtain N b (z)/N b (0) by averaging over the evolution of the stellar mass in eight Milky Way-sized simulated haloes, given in figure 18 of ref. [31] .
Concerning the mutual influence that baryons and DM have on each other during the gravitational accretion, it is true that there must be a correlation in the profile growth with redshift (see e.g. [31, 32] ), but the effect is small when compared to the uncertainties coming from the shape of the DM profile. The presence of baryons tends to make the DM halo more clumpy near the galactic centre, but this is already taken into account in our DM profiles since they have been fitted to real data. At most, we expect that our model slightly overestimates the matter density in the past, because the leading component (DM) is being traced back in time independently, starting from a profile at z = 0 that includes the current baryonic feedback.
Results and discussion
In this section we describe our results for the relic neutrino overdensity and the corresponding prospects for the event rate in a PTOLEMY-like experiment, for different values of the neutrino masses. We will first assume nearly minimal neutrino masses (subsection 4.1), and then consider non-minimal masses, more favourable for a detection by PTOLEMY (subsec- Figure 2 . Spherically symmetrized baryonic density distribution used in our simulations (blue solid line), and its decomposition in stellar disc contribution (dotted) and other components (dashed). We also show the original axisymmetric baryonic profile evaluated on the galactic plane (dotted-dashed, not used in the calculations), and the best-fit NFW DM profile (red line). tion 4.2). Finally, we will show the detection prospects for a light sterile neutrino, such as the one proposed to solve the short-baseline neutrino oscillation anomalies (subsection 4.3).
Minimal neutrino masses
Using the method described in the previous sections, we show here the results obtained for nearly minimal neutrino masses, when the heaviest mass eigenstate has a mass m ν 60 meV. We show in figure 3 the overdensity profile of such a neutrino state, for the different assumptions on the DM and baryon distribution discussed previously. For each DM profile, NFW or Einasto, we consider the best-fit case and the optimistic case (described in Sec. 3.1 and listed in table 1). We also show the effect of the baryonic component of section 3.2, alone or combined with each best-fit case.
For a neutrino with m ν 60 meV, we find that the total overdensity due to gravitational clustering at the Earth distance from the galactic centre is rather small, with a relative increase with respect to the average density of the CνB of 10-20% at most. The values of the local neutrino overdensity are reported in table 2 for the different matter profiles.
For the same normalisation of ρ DM (r) at the Earth distance, the NFW profile corresponds to a higher DM density than the Einasto profile at the galactic centre, and consequently to a stronger gravitational attraction of neutrinos. Thus, one can see in figure 3 that the local overdensity generated by a NFW-distributed DM is larger than in the Einasto cases. As expected, the effect of baryons is small, modifying the result by approximately 3% with respect to the CνB mean density.
These numbers slightly depend on the numerical factor ξ used in the reconstruction of the neutrino profile, and the corresponding numerical uncertainty is represented by the coloured band that enclose each curve in figure 3 . These bands do not represent any kind of statistical or systematic error in the whole calculation: they just quantify the difficulty of robustly computing the neutrino clustering at decreasing distances from the centre of the matter halo.
The final error is dominated by the uncertainty on the DM profile, since there is a significant difference between the NFW and the Einasto cases, and between the best-fit and optimistic models in each case. We recall that our optimistic models can be considered as upper limits on the DM distributions, since they are chosen to be overestimates of the actual available data.
One can also see from figure 3 that the overdensity, as expected, depends on the distance from the centre of the MW. We see that neutrinos feel the gravitational attraction of the Milky Way halo and cluster at radii r ≤ r over O(1 Mpc).
The neutrino overdensity on sub-galactic scales was not previously computed for values of the neutrino mass as small as 60 meV. Therefore, we cannot directly compare our results with other similar works in the literature. However, when comparing with the N -one-body results of ref. [29] and the full N-body results of ref. [39] obtained for heavier neutrinos, we find that the shape and the normalisation of our profiles are compatible with their results.
We must comment the fact that the calculations we performed for such a (nearly) minimal value of the neutrino mass can be developed using the linear approximation with minor changes in the final results. The differences between the two methods have been studied in ref. [29] , where it is shown that the approximated results are very close to the simulated ones if the mass of the galaxy and the neutrino mass are small. However, since we also want to compute the overdensity for heavier neutrinos, it is mandatory to use the full computation.
In our N -one-body simulation, we only considered one isolated spherical galactic halo with homogeneous boundary conditions, and neglected the effect of neighbouring galaxies, satellite galaxies, etc. The impact of these objects should be negligible at z = 3, when we start the simulation, but it could become important near z = 0. However, the computation of the neutrino clustering in a realistic environment where all DM clumps close to the MW are properly represented would be extremely demanding, so here we just present a qualitative discussion of their possible effects.
The satellite galaxies located at less than a Mpc from the centre of the Milky Way (the distance at which the DM halo starts to influence the neutrino overdensity) are much lighter than the MW, so we expect that their gravitational effect will be very small. On the other hand, the Andromeda galaxy is slightly larger than the MW and it is only ∼ 0.8 Mpc away (see e.g. [40, 41] ). If we simply consider the superposition of two distinct (independently evolved) neutrino haloes for the two galaxies, we conclude from our results that the overdensity f c at the Earth increases by ∼ 0.02 − 0.03 due to Andromeda: this is comparable to the effect of baryons, and smaller than the uncertainties due to the DM halo. For more distant galaxies with size comparable to the MW the effect would be even smaller. However, we need to take in consideration also larger objects, and in particular the Virgo cluster, the closest galaxy cluster to the MW. Its centre is located at a approximately 16 Mpc, with a mass around 10 15 M [42, 43] . Interestingly, the neutrino clustering in a DM halo comparable to the one of the Virgo cluster has been studied with a full N-body simulation in ref. [44] , for neutrino masses ranging from 50 to 300 meV. One can see in their figure 2 that the Virgo neutrino halo probably extends beyond 10 Mpc. An extrapolation of the curve suggests that for a mass close to 50 or 60 meV, Virgo may create a neutrino overdensity at a radius of 16 Mpc of the same order as the one created by the MW halo itself. Therefore, the clustering factor due to Virgo should be kept into account when computing the local CνB neutrino density, but a full calculation involving different DM halos in the neighbourhood of the MW would be computationally too expensive to be performed with our method.
Let us now consider the effect of an enhanced local density of CνB neutrinos on the expected interaction rate in a future detector. Following [17] , this can be estimated from
) is the number density of the ith mass eigenstate neutrino with right (left)
is the approximate number of tritium nuclei in a sample of mass M T , andσ 3.834 × 10 −45 cm 2 [17] . In the following we will assume that the number density in the vacuum of a single neutrino in a given helicity state is n 0 , for all neutrinos, and independently of the mass. We use the values |U ei | 2 = (0.681, 0.297, 0.022) [45] for the mixing matrix elements, and we fix the tritium mass to M T = 100 g, having in mind the PTOLEMY proposal [22] .
If the local density of each mass eigenstate is increased by a clustering factor f c (m i ), the total neutrino capture rate can be obtained as
We recall that the capture rate of Majorana neutrinos Γ M CνB is twice the one of Dirac neutrinos Γ D CνB , because the capture is kinematically forbidden for right-helical Dirac antineutrinos, while in the Majorana case both helicity states interact weakly. As a reference, we will compare our results with the ones obtained when neglecting the neutrino clustering due to the MW [17] , Γ D CνB
In table 2 we summarise our results for the normal and inverted hierarchy scenarios, assuming each time that the heaviest neutrino mass is 60 meV. We can see that the choice of mass ordering matters for computing the capture rate, since the three mass eigenstates are differently mixed with the electron neutrino flavour, the only one that interacts with the detector nuclei. In the case of normal mass ordering, gravitational clustering has practically no effects on the final event rate. For inverted ordering, there is a noticeable increase of the event rate of the order of 10 to 20%.
We conclude this discussion recalling that, unfortunately, a higher event rate does not necessarily lead to an easier detection of the CνB. Depending on the detector resolution, the events due to interactions with the CνB may be distinguished or not from those coming from the standard β-decay of the detector material, that constitutes the main background for these kind of experiments. Since a resolution ∆ 0.7m ν is required for a neutrino mass m ν , while the PTOLEMY experiment targets ∆ ∼ 100 − 150 meV, the cases that we have discussed so far are beyond the capabilities of a PTOLEMY-like experiment.
Active neutrinos with non-minimal masses
After considering the most pessimistic neutrino mass scenarios from the point of view of CνB detection, we turn to a very optimistic scenario in which the heaviest neutrino would have a mass m ν 150 meV. This assumption is motivated by the expected resolution of the PTOLEMY experiment, ∆ 100 − 150 meV [22] . In such a case, both the squaredmass differences probed by oscillation experiments are much smaller than m 2 ν , and the three neutrino states share practically the same mass m ν . In such a degenerate scenario, in which the mass ordering is not so relevant, the event rate is directly proportional to the overdensity factor f c and the total neutrino mass is m ν 450 meV, a value already excluded by the most constraining combinations of cosmological data in the minimal ΛCDM framework (see e.g. [2, 24] ), but still plausible in extended models (see e.g. refs. [4, [25] [26] [27] ).
We repeated our N -one-body simulations for 150 meV neutrinos. Our results are summarised in figure 4 and table 3 , using the same format as in the previous figures and tables. The general trends are the same as for 60 meV neutrinos, but the local overdensity factor is masses ordering matter halo Table 2 .
Clustering factors and expected event rates for Dirac or Majorana neutrinos in a PTOLEMY-like experiment, under different assumptions on the matter profile and on the neutrino mass ordering, when the heaviest mass is 60 meV. The first line shows the event rates in absence of clustering (for an homogeneous CνB). much larger: it reaches values around 2.4 (1.9), with a maximum of 2.9 (2.4) in the optimistic NFW (Einasto) case. As in the previous case, we can see that the neutrino halo of the Milky Way extends up to r 1 Mpc. Our results can be compared with those presented in ref. [29] for the same neutrino mass. Since we are considering a different value for the DM halo mass, a direct comparison with their figure 5 is not possible, but our profiles are in good agreement with their results in figure 1. The same can be said about figure 8 of ref. [39] : there is a qualitative agreement, but the different DM halo masses prevent a direct comparison.
Concerning the direct detection of relic neutrinos in a PTOLEMY-like experiment, table 3 shows that for a neutrino mass of order 150 meV, gravitational clustering in the Milky Way halo may enhance the expected event rates by a factor 1.7 to 2.5 depending on the DM profile. Under the most optimistic assumptions and for Majorana neutrinos, one may expect more than 20 events per year.
Beyond active neutrinos: light sterile neutrinos
A light sterile neutrino is a proposed extension of the Standard Model of particle physics, with the aim of explaining the so-called short-baseline (SBL) neutrino oscillations anomalies. Within a three-flavour neutrino scheme, it seems challenging to explain the LSND [46, 47] data, the Gallium [48] [49] [50] [51] [52] anomaly and the reactor [53] anomaly. Beyond systematic uncertainties, a possible explanation would involve oscillations with a fourth neutrino mass eigenstate, requiring a new sterile state having a small mixing with the three active neutrino flavours (see also refs. [54] [55] [56] [57] ).
In the framework of the so-called 3+1 active-sterile mixing scheme, the fourth mass eigenstate is heavier than the standard three ones, with a squared-mass difference ∆m 2 SBL = ∆m . The 3 × 3 mixing matrix is extended to a 4 × 4 mixing matrix U . 3 Its elements in the fourth column quantify the mixing of the fourth mass eigenstate, ν 4 , with the active neutrino flavours. Experimental data impose that they must be small: |U i4 | 2 1, where i = e, µ, τ . Therefore the standard three neutrino mixing is not affected by the existence of the new mass eigenstate.
In such a scheme, the new neutrino oscillates with the active flavours in the early Universe and a population of ν 4 may be created, depending on the values of the new mixing parameters.
We consider the usual parameterisation of the energy density of radiation in the early Universe in terms of the effective number of neutrinos N eff ,
where ρ r (ρ γ ) is the total energy density of relativistic species (of photons). The factor 7/8 accounts for the fermionic degrees of freedom, while the ratio T ν /T γ = (4/11) 4/3 corresponds to the difference in the temperatures of cosmological neutrinos and photons in the limit of instantaneous neutrino decoupling. The effective number is N active eff = 3.045 [58, 59] in presence of active neutrinos only, and the additional contribution given e.g. by the sterile neutrino can be written as
where f s (p) is the energy distribution function of the sterile neutrino in terms of its momentum p.
The parameter ∆N eff is crucial to know how efficiently the fourth neutrino was created in the early Universe and, as a consequence, gives its contribution to the CνB. Its value depends on f s (p), which in turn is fixed by the production mechanism of the sterile neutrinos. The simplest possibility is that the ν 4 's were generated by active-sterile oscillations in the early Universe [60] [61] [62] [63] [64] [65] with the same temperature (and momentum distribution) of active neutrinos. In this case, considering the current best-fit results on active-sterile neutrino oscillation parameters, we would have ∆N eff = 1, that is incompatible with the most recent CMB determinations [2] . Instead, if the production of sterile neutrinos occurs through nonthermal mechanisms, the fourth neutrino momentum distribution maintains approximately the same shape of the active neutrino ones [66] [67] [68] and can be written as a Fermi-Dirac spectrum times a constant scaling factor, that is ∆N eff . Hence, in the following we will assume
as an input for the calculation of the local overdensity of the fourth neutrino. As the mean neutrino number density today is defined bȳ
for the fourth neutrino we haven 4 = n 0 ∆N eff . This number will be multiplied by the clustering factor f c (m 4 ), which is independent of ∆N eff , in order to obtain the local number density of ν 4 , n 4 = n 0 f c (m 4 ) ∆N eff , relevant for CνB detection. In order to compute the expected number of events in PTOLEMY from the additional neutrino state, we must include the relevant element of the fourth column of the mixing matrix, |U e4 | 2 . This parameter and the SBL squared-mass difference ∆m 2 SBL are the only quantities needed to estimate the event rate in PTOLEMY. Both values should be obtained from a global fit of all neutrino oscillation data. The most recent global fit that considers the anomalous SBL experiments reports the best fit values ∆m 2 SBL = 1.7 eV 2 and |U e4 | 2 = 0.020 [69] for the parameters we are interested in. In particular, these results were obtained taking into account the recent measurements of the NEOS [70] In the following we will assume that m 4 m 1,2,3 , so that we can approximate m 4 ∆m 2 SBL 1.3 eV. This is the value for which we have calculated the clustering of sterile neutrinos in the local environment using N -one-body simulations. The overdensity profiles for a neutrino with mass m 4 1.3 eV are shown in figure 5 . As expected, the overdensity is much higher than in the previous cases because such neutrinos have a larger mass and smaller kinetic energies and they are more easily trapped by the galactic gravitational potential.
The total event rate for a Majorana (Dirac) fourth neutrino is given by [17] 
from which we obtain values that vary between 3.4 and 33.9 (1.7 and 16.9), depending on the assumptions on the matter profile of our galaxy and on the thermalization of the fourth neutrino in the early Universe. We list in table 4 the expected event rates for two different values of ∆N eff : ∆N eff = 1, corresponding to a fully thermalized sterile neutrino (disfavoured by present cosmological constraints [2] ), and a conservative ∆N eff = 0.2, that is basically compatible with the 1σ cosmological limits regardless of the assumed dataset.
Conclusions
The direct detection of cosmological relic neutrinos is one of the most challenging tasks of experimental astroparticle physics. While other methods have been proposed in the literature (see e.g. [71] ), the most promising one taking into account the possible values of neutrino masses is the capture of relic neutrinos on β-decaying nuclei. A first proposal based on this technique, the PTOLEMY experiment [22] , is presently under development and the corresponding expected number of events was studied in [17] . The capture rate depends on the density of neutrinos in our immediate vicinity, which is larger than the average cosmological density due to the attractive effect of our galaxy halo. In this paper we have studied the gravitational clustering of massive neutrinos at galactic and subgalactic scales. In particular, we focused on the matter distribution in the Milky Way, that we parameterised with different profiles for the dark matter and the baryons. Using a method based on N -one-body simulations [29] , we have computed the enhancement of the number density of relic neutrinos as a function of the distance from the galactic centre for different values of the neutrino masses. For a 150 meV mass, a value within the potential reach of PTOLEMY and not completely ruled out by present cosmological analyses including Planck data, we find that the local density of cosmological neutrinos can be as large as two or three times its average value, depending on the galactic matter profile. This result is in reasonable agreement with previous analyses [29, 39] . We have also considered, for the first time, smaller neutrino masses. A nearly minimal value for the heaviest neutrino is 60 meV, for which we find that the local population of relic neutrinos is also enhanced, but only up to 10-20% with respect to its average number density.
These very small enhancement factors can be compared with the significant overdensities that could be reached if neutrino masses were larger than 1 eV, a case that is not possible for standard, active neutrinos. As a non-standard example, we have considered the case of a fourth massive state, mostly sterile, introduced in order to provide an explanation to the short-baseline neutrino oscillation anomalies. This possibility, however, is disfavoured by cosmological data and, in any case, would require that these heavier neutrinos were produced in the early Universe but not completely thermalized. Nevertheless, we find that gravitational clustering would lead to enhancement factors of order 140 − 210 for a 1.3 eV neutrino mass.
After computing the local neutrino overdensities for each case, we have calculated the consequences for a PTOLEMY-like experiment. The corresponding event rates depend on whether neutrinos are Dirac or Majorana particles, as well as on the neutrino mass ordering (which fixes the mixing of the mass eigenstates with the electron flavour). In the case of sterile neutrinos, the number of events also depends on their degree of thermalization at production and their mixing with electron neutrinos. In any case, a positive detection of the relic neutrinos at PTOLEMY will be very difficult for the smallest neutrino masses, unless its energy resolution is significantly improved.
The main uncertainties in the calculation of our results on massive neutrino clustering in the Milky Way are related to the parameterisation of the galactic matter distribution, both for baryons and DM. We found that the differences obtained when modifying the matter content are much larger than the numerical uncertainties in the N -one-body calculations. In the near future, an eventual measurement of the absolute scale of neutrino masses, their Dirac or Majorana nature and a better knowledge of the distribution of matter in our galaxy will lead to an improved calculation of the local overdensity of relic neutrinos and a better prediction of the event rate at a PTOLEMY-like experiment.
